
VOL. 6, NO. 5, SEPT.-OCT. 1983 J. GUIDANCE 387

New Nonsingular Forms
of Perturbed Satellite Equations of Motion

Ahmed Aly Kamel*
Ford Aerospace and Communication Corporation, PaloAlto, California

Vector calculus is used to derive two new forms of the equations of motion of perturbed satellites. Both forms
are given in terms of nonsingular orbital elements in extended vector space that eliminate the ambiguity in the
variation of retrograde orbits. In the first form, the orbital eccentricity, true anomaly, argument of latitude, and
orbital inclination are substituted by four fast variables whose unperturbed periods are essentially equal to the
orbital period. In the second form, these four fast variables are transformed to four slow variables such that the
eccentricity vector variation is independent of the out-of-plane acceleration. The transformation matrix between
these new nonsingular elements and Cartesian coordinates is given and perturbing accelerations due to the Earth
and a third body are developed. Applications of the perturbation methods of multiple scale and averagings to the
developed equations of motion are demonstrated.

I. Introduction

THE satellite equations of motion can be expressed in
various forms. A simple Cartesian form1'2 is widely used

in connection with numerical integration. More sophisticated
forms based on the variation of parameters developed by
Lagrange3 are particularly useful in connection with per-
turbation theories. Lagrange's equations can be transformed
to canonical forms3'5 or nonsingular noncanonical forms.6'7
The independent variable is usually the time but in some
cases, e.g., Earth's zonal harmonic perturbations, it is ad-
vantageous to use an independent variable other than time8'10

(e.g., true anomaly or a similar fast angle).
The purpose of this paper is to develop two new forms of

Lagrange's equations of motion [Eqs. (12) and (19)] in terms
of nonsingular orbital elements whose variations are deter-
mined by the components (Fr,Fe,FH) of a perturbing ac-
celeration in the Euler-Hill rotating frame depicted in Fig. 1.

Section II develops the equations of motion in terms of the
fast variables [Eq. (12)]. This form is particularly useful for
the application of perturbation method of Lindested-Poincare'
and the method of multiple scale.11'13 Section III derives the
equations of motion in terms of slow variables [Eq. (19)] in a
form suitable for the application of the method of
averaging,14 Lie transform,15'16 and Lie series.17 Section IV
summarizes the transformation between the Cartesian and the
nonsingular orbital elements useful for the evaluation of the
initial conditions. Section V develops the form of the per-
turbing acceleration of the Earth and a third body in terms of
the obtained variables. Sections VI and VII demonstrate the
application of the method of multiple scale and the methods
of averaging to the obtained equations of motion.

II. Equations of Motion in Terms of Fast Variables
This section starts with the equations of motion in the

Cartesian form and applies vector calculus to obtain the
equations of motion in terms of a set of fast nonsingular
orbital elements.

Following Newton's law of gravitation, the equations of
motion of a satellite can be written in the vectorial form

r = v (1)
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where

r = satellite position (radius) vector pointing from the
center of the Earth to the satellite

r = satellite radius = magnitude of the position vector
v = satellite velocity vector

jjie = Earth's gravitational constant
/—perturbing acceleration vector, and the dot over a

vector denotes its differentiation with respect to the
time/

Now, define the angular momentum vector h and the ec-
centricity vector e (Eqs. 1.4-3 and 1.5-10 of Ref. 18) as follows

e=l/jjievxh — (2)

where the x denotes the cross product between two vectors.
At this point, a coordinate system has to be selected to

resolve various vectors into components. Figure 1 shows two
well-known systems. The first is the inertially fixed geocentric
coordinate system defined by the unit vectors (x,y,z) with x
along the vernal equinox at epoch, z along the north pole, and
y determined by the right-hand rule. The second is the Euler-
Hill rotating coordinate system defined by fl (right ascension
of ascending node), /(orbital inclination),jand 6 (argument of
latitude). The rotating unit vectors (f,6,ti) have f along the
radius vector and 0 along the transverse component of the
velocity vector such that (r,0) are in the plane containing the
instantaneous satellite radius and velocity (osculating orbit)
and h is along the osculating orbit normal (angular
momentum vector direction).

In view of Fig. 1 (see also Eq. 11.J47 of Ref. 19), the
relationship between (x,y,z) and (f,0,ti) are defined by the
orthogonal matrix M as follows
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Fig. 1 Geometry of the inertial and Euler-Hill frames.

Also, the angular velocity vector <o of the rotating Euler-Hill
system (f,S,h) relative to the inertially fixed system (x,y,z) is
given by

(4)

f (5)

The differentiation of the unit vectors (x,y,z) and (f,0,fi)
with respect to time are given by

In view of Fig. 1 (see also Eq. 4.78 of Ref . 19), we get

x=y=z=0

(6)

The vectors r, v, /, h, and e can now be expressed in terms of
components in the Euler-Hill frame as follows

r=rf, v=vrf+veO, h = hti, e=erf+ee0

f=fS+fe?+fhh (7)

Also, introducing the following auxiliary variables (£, q]f q2,
q3) defined by

(8)

= ( r 3 / h 2 ) ( f r , f e , f h ) , a^

and the prime over a variable means its differentiation with
respect to the angle ft defined by

(13)

Note that Eq. (12) contains redundant information due to the
fact

(14)ft (t = 0) = 00 = arbitrary value

Equation (12) can therefore be reduced to six variables by
eliminating q3 using Eq. (14) and by changing the independent
variable ft to the time / using Eq. (13). The use of the ad-
ditional variable q3, however, eliminates the need for square
root computation and, more importantly, avoids the am-
biguity in case of retrograde orbits.

It is important to point out that the above equations of
motion and the associated transformations are also applicable
to the case when the orbital inclination / is in the neigh-
borhood of 180 deg (i.e., q3=-l). In this case, however,
(?,q2,q2,q3) °f Eqs. (8) and (9) are redefined as

and the Cartesian coordinate system is redefined to have x
along the vernal equinox, £ along the Earth's south pole
(instead of north pole), and y as determined by the right-hand
rule.

It should also be pointed out that the true anomaly/and the
argument of perigee co do not play any separate roles in the
above development. They can be obtained, however, from the
following equations

er = ecosf, ee=- esinf, co = 6 -f (16)

where e is the orbital eccentricity.

III. Transformation to Slow Variables
Equation (12) can be transformed to a slowly varying form

using the equinoctial elements used by Cefola6 and by
Nacozy-Dallas.7 In the following development, a new set
(e],e2,hI,h2) that has the advantage of decoupling the in-
plane from the out-of-plane direct effects will be used. This
set is defined by the rotational equations

In view of Eqs. (3) and (8), we get

Now, differentiations of (r,v,e,h,z) of Eqs. (2), (7), and (8)
with respect to time and using Eqs. (1), (4), (6), (7), and (9)
lead to

r = -~>

1+e> vr=~^ee,

(10)

(11)

plus the following equations of motion [Eqs. (5) and (10) are
used for d' and /' computation]

h'=HF9,

(12)t'=r2/h

q1=h]sj3-h2cl3, q2 = h]cj3+h2sl3, q3=h3

The use of Eqs. (8), (9), and (16) in Eq. (17) leads to

(17)

=SISj

where e is the eccentricity and y = ti — d is obtained using
6 = £-/3.

Substitution of Eq. (18) in Eq. (12) leads to

H'=hFe

(19)
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For orbital inclination / in the neighborhood of 180 deg
(i.e., h3 = - 1), the (y,h1,h2,H3) are redefined using Eq. (15)
as follows:

(y,h1,H2,h3) = - sc,c , sfs (20)

Equations (18) and (19) show that the nonsingular elements
presented in this paper have some advantage over those
referred to the equinox,6-7 namely, the decoupling of the in-
plane and out-of-plane direct effects. This is achieved by
referring the orbital elements to an axis that is slowly rotating
in the equatorial plane with the angle d relative to the equinox.
The initial value of the angle d is arbitrary and, therefore, can
be selected to be zero.

IV. Transformation
from and to Cartesian Coordinates

The matrix M of Eq. (3) can be expressed in terms of
(Pfd,q],q2,q3) by using Eq. (8), (9), or (15) or in terms of
(I3,d,hj,h2,h3) by using Eq. (17) or (20). This leads to

ml

m2

13 J

(21)

where

i=l,2

V. Perturbing Accelerations
This section derives the perturbing accelerations of the

Earth and a third body in the form needed for the integration
of Eq. (12) or (19).

Following Pines20 and Broucke,21 the Earth's perturbing
potential can be put in the form

(24)

where xe, ye, and ze are the components of the position vector
r in the earth-fixed coordinate system.

The acceleration fe is the gradient of Ue

ft) •ft)

•ft)
V — +

dU.

ft)3 ^ •ft) (25)

Now, to obtain fn, f9e, and fhe of Eq. (12), the V(r, xe/r,
ye/r, ze/r) have to be expressed in terms of (f,6,ti) as follows:

In view of Eqs. (3) and (21), we get

m=- + h2sb

Also, transformation between the components of (r,v,h) in
the Cartesian and Euler-Hill frames can be put in the form

(22)

where (r,vr,ve,h) are given by Eq. (11). They can also be
expressed in terms of the Cartesian components as follows

" x x hx

y y hy

_ z z hz

= M

~ r vr 0 "

0 ve 0

_° 0 h

v = xx+yy + zz

hy=zx-xz,

hx=yz-zy

hz=xy-yx

Equations (21) and (22) can be used to evaluate initial
conditions for Eq. (12) or (19) assuming 6 = 0. These same
equations can also be used to obtain the Cartesian com-
ponents of r and v once either Eq. (12) or (19) is integrated.

Finally, it should be mentioned that the matrix M can be
put in the form

where

D _

M=RM

~s6 Q -

c, 0

(23)

0 1

(27)

where Me has the same form as Mof Eq. (21) with j3 replaced
by /3 - GHA, where GHA is the Greenwich hour angle.

Substitution of Eq. (27) into Eq. (26) leads to

(28)

where

Also, in view of Eqs. (3), (7), and (27)

xe/r=(l-aIql)Cg+a1q2st

(29)

Substitution of Eq. (28) into Eq. (25) now leads to

dU
fre= —— ,

(30)
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where

c, -

KT) ' '(7)
B =

BU. 9U.

•(7) ' '(7)

C.=

'(7)
The functions (Ae,Be,Ce) can be derived either in a recursive
or a nonrecursive form in terms of (h,er,ql,q2,q3,te). This
can also be transformed to a form in terms of (h,e],e2,h],h2,
h3,f3,te) using Eq. (17).

Following Brown22 and Broucke,23 the perturbing potential
function of a third body can be put in a form similar to Eq.
(24)

= U3(r,x/r,y/r,z/r,t) (31)

The addition of the time t is due to the third-body motion.
Formulas for computer usage can be found in Ref. 24.

Now, following similar steps as in the Earth acceleration
derivation leads to

a u
rf/3rf= -^ , rfg3 = u2q,A3 - (1 -a2q2)B3 + q2

(32)

where

A3 =

B3 =

3U, dU3

(7) '(7) 13 (3 + 5•
dU3

<rT
_ dU3

C'~~^
and x/r, y/r, and z/r are given by Eq. (22) as

, z/r = q, (33)

Perturbing accelerations due to radiation pressure can be
obtained using Aksnes,25 drag acceleration using Refs. 15 and
26, and small impulsive AVmaneuvers using Ref. 19 (p. 456).

VI. Method of Multiple Scale
In this section, the method of multiple scale13 is applied to

Eq. (12). According to this method, the column matrix

ql q2 q3 dt] (34)

is assumed to be a function of a sequence of independent
angle scales, a fast angle j80 = j8, and slow angles, f f ^ e ' p

where / is positive integer and e a small parameter of the order
of the perturbing acceleration. To demonstrate this method, a
first-order expansion is considered as follows

(35)

Substitution of Eq. (34) into Eq. (12) and equating equal
powers of e on both sides of the resulting equation lead to

zeroth order:

D0h0 = 0, D0er0 = eeo, D0eeo = - er0

(36)

first order:

D0hi=hoFei-Diho

D0erl=eei +2E0Fei -D

Doeei = ~en -EoFn+eeo

30

D^^~2 \3^Eo2- (37)

The solution of Eq. (36) is then

=s(07 ) sin [00 + 0^(

= ^50 (07

30 = M0;) (38)

The integral in the t0 equation can be solved in closed form
using an eccentric anomaly similar to that used in the well-
known Kepler's time equation. In many cases, however,
higher order solutions may require expression of t0 in the
form of power series of e ( ^ ] ) . This can be easily done by
substitution of er0 of Eq. (38) in E0 of Eq. (36) followed by
expansion of E^2 in power series of e(/3j).

To obtain the first-order solution, Eq. (38) is substituted in
Eq. (37) and the partial derivatives d/d/3; [h0, e, <t>e> slf <t>qt
q30, 60, r] are used to eliminate the secular terms in Eq. (37).

Note that for Earth's zonal harmonics application, the
perturbing acceleration (Fr, FQ, Fn} are independent of 6 and
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t. In this case, the first six equations of Eq. (12) can be solved
using the multiple scale and the remaining 6 and t equations
can then be solved separately.

Computer programs27-28 are available to manipulate the
formidable algebra that is involved in such perturbation
analysis. Recently, Kamel and Duhamel29 has applied the
method of multiple scales to the main problem of artificial
satellites using the REDUCE program.27

VII. Methods of Averaging
The Krylov-Bogoliubov method of averaging,14 Lie

transform,15'16 and Lie series17 are essentially related. In this
section, the method of Lie transforms is selected to
demonstrate the application of these methods to Eq. (19) to
second order. First, the time equation /' will be expanded
about an unperturbed trajectory specified by the initial
conditions (h0, e]0, e20) or, more generally, by constant bias
(hb>eib>e2b) as follows

(39)

Substitution of Eq. (39) in the time equation t' of Eq. (19)
leads to

(40)

where

Eb = 1 + elbcosft + e2bsmft, er — Ae; cosft -f Ae2sinft

Note that the t'b equation can be solved in a closed form
using eccentric anomaly as in Kepler's time equation. In many
cases, however, it may be necessary to express tb in the form
of power series in (e}b,e2b). Also, the time equation At' may
not be solved unless the functions E~p (p=l,2,...) are ex-
panded as power series in (elb,e2b). In these cases, the
necessary expansions can be obtained in a similar manner as
given by Eqs. (6) and (10) of Section 3.10 of Ref. 3 with en

(cosnf, sinnf) replaced by

en cosnf = A n cosnft — Bn sinnft

e" sinnf= A n sinnft + Bn cosnft (41)

where

n = \m(elb-je2b)\

The eccentricity e and the true anomaly / are as defined for
Eq. (16).

Now, let y be the column matrix defined by

y=[Ah A<?7 Ae2 h1 H2H3 d A/] T

In view of Eqs. (19) and (40), we get

(42)

(43)

In general, Eq. (43) cannot be solved exactly for arbitrary e,
but its solution is known for e = 0. This suggests the search for
near-identity transformation .y—x in the form of power series

so that the resulting system of differential equations

X'=ef1(x) + ( e 2 / 2 ) f 2 ( x ) (45)

will not contain the angle ft or the time t. This new form will
be more tractable than Eq. (43).

Using the procedure outlined in Refs. 15 and 16, we get

j 1 \'~ / oj v-jr* / ~Q

dW
f2 (x) =g2 (x,P) -L} [fi (x) +gj (x,ft) ] - ——^

where

(46)

T— matrix whose (/ elements are —'-

G = matrix whose ij elements are
dx;

(Fif Wu ) = the /th element of the column matrices F and Wl ,
respectively

Xj = theyth element of the column matrix x

Now, the generating column matrices Wl and W2 are selected
to eliminate the short-period terms (terms depending on ft or
t) in Eq. (46). Once this is done, the transformation [Eq.
(44) ] can be obtained from

2=-W2 (47)

l (x,ft) + (e2/2)x2 (44)

Note that if the perturbing acceleration is not a function of
time (e.g., in case of Earth's zonal harmonics), the Lie
transform of Eq. (46) can be applied to the first six equations
of Eq. (19). The remaining (6,AO equations are then solved
separately.

VIII. Conclusions
Two new forms of the perturbed satellite equations of

motion have been developed in terms of nonsingular orbital
elements and perturbing acceleration components in the
Euler-Hill rotating frame. The ambiguity in the application to
retrograde orbits has been eliminated at the cost of adding the
cosine of the orbital inclination to the satellite state vector.
This addition results in a trivial integral of motion that may
be used as a measure of the numerical integration stability
and/or accuracy. For general perturbation applications, the
addition of the cosine of the orbital inclination eliminates the
manipulation of functions under square roots.

Transformation matrix between the Cartesian and the
Euler-Hill frames is given in terms of the Cartesian as well as
the state vectors used in the equations of motion. This matrix
is useful in the evaluation of the initial condition for in-
tegration and also to compute the satellite position and
velocity in Cartesian components once the equations are
integrated.

Perturbing acceleration components due to Earth's zonal
and tesseral harmonics and a third body have been developed
in a form suitable for the integration of the equations of
motion, either numerically or analytically.

The method of multiple scale to first order and the method
of Lie transform to second order are outlined to demonstrate
the use of the developed equations in connection with the
general perturbation theories.
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